INTRODUCTION
This paper deals with the coupling of a nonlinear elliptic équation with a nonlinear hyperbolic one in a one-dimensional domain. This type of problem arises from several simplified physical models, like the infiltration process in a heterogeneous soil formed by two layers, such that in the second layer we can neglect the effects of diffusivity, or fluid-dynamical problems for viscous, compressible flows in the présence of a body so that near this body the viscosity effects have to be accounted for and at a distance from it these effects can be neglected. The problem in hand reads as follows. iii) g eC(a y y). Problem (1.1) may be regarded as a time discretization of an évolution advection-diffusion problem, parabolic in (a, {$) and hyperbolic in (fi, y X by an implicit method. This is the reason why we choose to impose a generalized Dirichlet condition at y. If K' > 0, this condition is always satisfied and if K' (w(y)) < 0, it gives w(y) = 0.
Clearly, the formulation of the problem (1.1) is incomplete : it needs some coupling conditions at the interface p. In this work, our main concern is to find these conditions and to define what we mean by a solution of the elliptichyperbolic problem. This kind of problem has been considered until now in the linear case, first the case of the one-dimensional problem [3] and more recently the two-dimensional case [4] . These authors are interested in obtaining appropriate interface conditions which allow them to split the problem and use some domain décomposition methods. These methods are appropriate for fluid-dynamical problems, because they allow us to partition the domain into subdomains of simpler shape and, thanks to parallel Computing, reduce the original problem to a séquence of subproblems which can be solved simultaneously.
As Gastaldi and Quarteroni have done in [3] for linear problems, we add a small artificial viscosity which transforms our elliptic-hyperbolic problem (1.1) into an elliptic-elliptic one. For the coupling between two elliptic ON THE COUPLING OF ELLIPTIC AMD HYPERBOLIC EQUATIONS   401 problems, we require the continuity of the unknown and of the flux. As the small viscosity vanishes, the coupled elliptic-elliptic problem dégénérâtes into the original one, yielding some conditions at the interface. These conditions we take as interface conditions for the elliptic-hyperbolic problem.
In section 2, we deal with the case of elliptic-hyperbolic nonlinear coupling with strictly monotone flux function K(u)* In this case, we obtain coupling conditions analogous to the linear case with a strictly positive or strictly négative advection function.
Section 3 is devoted to the study of a more difficult case, when the flux function is not a monotone function. In this situation, there are two difficulties in defining a solution of the elliptic-hyperbolic problem. First, as we said, we need some coupling conditions at the interface, and moreover there is a problem with the uniqueness of the solution in the hyperbolic domain. An extension of the entropy solution (see [2] ), which solves the uniqueness problem for nonlinear conservation laws, allows us also in this case to characterize the coupling conditions, From now on, we dénote by C any positive constant independent of the parameter e.
ELLIPTIC-HYPERBOLÏC PROBLEMS WÏTH MONOTONE FLUX FUNCTION
In this section, we deal with a situation in which discontinuities could not appear in the hyperbolic domain ; this is the case in problems with monotone flux function. The characteristic lines of the évolution hyperbolic problem enter the domain across {/?} x (0, T) if K' s* 0 and across {y} x (0, T) if K f *== 0. Taking this into account, we can expect different coupling conditions at the interface depending on the monotonicity of K, and for this reason we distinguish two cases.
First case : K is strictly increasing
As we said in the introduction, in order to find the coupling conditions and to prove the existence of a solution to the elliptic-hyperbolic problem, we add a small artificial viscosity which transforms our problem into an ellipticelliptic one. For the coupling of two elliptic problems, we impose as interface conditions the continuity of the unknown and of the flux, So the regularized problem is :
Given e > 0, find u € and v e such that : 
G»,
fi), Using an existence resuit for solution of generalized boundary value problems obtained in [7] , p. 222 by weak comparison functions and using also an inverse monotonicity argument for the functional B (H>, 77 ) = Çy Çy Çy Some bounds are obtained now. These allow us to take the limit as s goes to zero in (2.2) and to prove the existence of a solution to the elliptichyperbolic problem (1.1).
From now on, we make the following assumption Finally, because of the coupling conditions at /?, we obtain, 
The boundary condition (1.1c) and the interface condition (2.9) follow from i) and vi).
Integrating by parts and taking the limit in the obtained expression, we have Integrating the différence by parts, we have : 
and by the monotonicity of b and <f>,
J:
Then u ^ u. In the same way, we can prove the other inequality. Thus u -w. Now u and ü satisfy the differential équation (l.lb) and the same initial condition. Multiplying the differential équations which satisfy v and v by PÔ (K(v)-K(v)X integrating the différence by parts and taking the limit as 8 -> 0 we obtain, These results support the theoretical results obtained. Problem (2.13) is solved in two ways. In one approach, we deal with the elliptic regularization of problem (2.13) with s = 10" 6 . This regularized problem is solved by the Engquist-Osher différence scheme on the following mesh, which always contains the point x = {3 ; The scheme used is the following, In the same way as for the problem (2.2), one shows that (2.15) has a unique solution w £ and that the bound (2.3) holds. The asymptotic analysis is analogous. Moreover, we still assume (2.4).
LEMMA 2.5 : The re is a constant C > 0 such that
In the following lemma, we have a bound on the L 2 -norm of K(v £ )' in a left neighbourhood of the right boundary y. It allows us to keep the boundary condition at y when we take the limit. 
(2.20)
Proof : As a conséquence of the previous lemma, we can find
2 (5, y) and everywhere.
Because of the continuity and the strict monotonicity of K, in (8, y) . The boundary conditions u(a) = f (y) = 0 follow from i) and vi). The estimate (2.16) implies that v e BV {p, y), which allows to define continuously v (p ) by its right limit.
Integrating by parts in (2.15) and taking the limit in the expression obtained, we have
Jö Ja 
and, by (1.1a) and (1.16), the interface condition follows. In order to prove the uniqueness, let us suppose that there are two solutions (M, V) and (î/, v).
Multiplying the differential équation (1.
16) satisfied by v and v by Ps (K(v) -K(v))
, where p § is the regularization of the Heaviside function defined in (2.12), and integrating the différence, we get :
Integrating by parts in (2.22) and taking the limit when ô -• 0 + , it follows that
Because of the strictly decreasing monotonicity of K and the increasing monotonicity of 6 we have that v === v. In the same way we can prove the other inequality, and therefore v = v.
Multiplying now the differential équations, which are satisfied by u and ü, by pg (<fi (u) -<f> (w)) and integrating by parts the différence, and then taking the limit as ô -• 0 + , we obtain
where we have taken into account the interface condition. The inequality 
In figure 2 , we present some numerical results obtained for the problem The solid line shows the results obtained for the decoupled problem and the dashed line shows the results obtained for the regularized problem with e = 10" 6 using the Engquist-Osher scheme.
G. AGUILAR, F. LISBON A 3. ELLIPTIC-HYPERBOLÏC PROBLEMS WITH ARBITRARY FLUX FUNCTION
In this section, we deal with more gênerai problems which correspond to gênerai flux functions. Again the same regularization technique gives us a solution for the elliptic-hyperbolic problem. Then we consider the problem :
Given e :> 0, find u £ and v £ such that :
The equivalent weak problem is : Find w £ e//J(a, y) such that : As in the previous cases, we obtain again existence and uniqueness of a solution for the regularizcd problem given in proposition (2=1). Now let us discuss the asymptotic behaviour of w £ as e goes to zero. We also make the assumption and in the same way as in the previous cases we obtain the following results. 
Proof : The set {w £ } £ ^ Q is bounded in W { ' l (a, y). Therefore, there exists a function w e NBV (a, y) such that (upon extracting a subfamily),
On the other hand, from (3.4) and (2.3), we have
Multiplying équations (3.1a) and (3.1^) by p 5 (vw e -c) <p, where p s was defined in (2.12), then integrating by parts in (a, y) and finally going to the limit as Ô -• 0, we obtain
Ja Ja
The result follows by letting e go to zero in this inequality. Substituting these functions in (3.7) and taking the limit as £-•(), we get If w(f3 + )<w(p-) or w(£~)-< w{fi~), we deduce from (3.9) for w and c = w(/3~) and (3.9) for w and c = w(/3~) that Therefore, w = w.
If w(/3~) < w(/3 + ), then from (3.9) for w and c = w(/3~) we also get w = vv.
In the same way, we prove that w = w for the cases : f) The existence and uniqueness results obtained in theorems (3.3) and (3.4) characterize a solution of the elliptic-hyperbolic problem through a generalized entropy condition. In the next theorem, we give another characterization which explains why this function w is a solution of the elliptic-hyperbolic problem and gives some coupling conditions at the interface. Proof : The proof follows with the same ideas of L6J for stationary shock problems. The conditions at the interface have been proved in (3.9).
We present some numerical results obtained using an Engquist-Osher scheme for the regularized problem. On a mesh defined in (a, y) this scheme reads, + w = O , x e (O, 1 ), w(-1) = -1.6, w(l) = 1.4 considenng the regulanzed problem for e = 10" 6 , and on a uniform mesh with step-size /* = 1/40. 
